A Combinatorial Approximation Algorithm for the Multicommodity Flow Problem by Coudert, David et al.
A Combinatorial Approximation Algorithm for the
Multicommodity Flow Problem
David Coudert, Herve´ Rivano, Xavier Roche
To cite this version:
David Coudert, Herve´ Rivano, Xavier Roche. A Combinatorial Approximation Algorithm for
the Multicommodity Flow Problem. International Workshop on Approximation and Online
Algorithms (WAOA’03), 2003, Budapest, Hungary. Springer, 2909, pp.193-230, 2003, Lec-
ture Notes in Computer Science; Approximation and Online Algorithms. <10.1007/b95598>.
<inria-00429176>
HAL Id: inria-00429176
https://hal.inria.fr/inria-00429176
Submitted on 1 Nov 2009
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
  	
 	   
	 	 
 
     	 
 
ﬀ ﬁﬂﬃﬀ ! " # $ %ﬂ & $ﬂ'(
)*+,-./,-.*+.0 10,)2334 5 6789:; <;=;:>? @AB 5 C*, DE>9
FGHIJKLI M
<NOP Q>7R OP ? >SOT8S;U VE SN; 9;;U W>7 8XX7>Y O? 8SO>9 8=Z
[
>7OSN? P W>7 SN; O9S;
[
78= ?\=SO:>??>UOSE ]>Q X7>V=;? QNO:N 87OP; O9
9\?;7>\P >XSO? O^8SO>9 P:;987O>P _ O9:=\UO9
[
SN; U;PO
[
9 >W S;=;:>??\9OZ
:8SO>9 9;SQ>7RP ` a; O?X7>T; >9 >9; >W SN; ?>PS ;b :O;9S R9>Q9 :>? Z
VO98S>7O8= 8XX7>Y O? 8SO>9 8=
[
>7OSN? W>7 W78:SO>98= ?\=SO:>??>UOSE ]>Q
VE \PO9
[
89 O9:7;? ;9S8= 8XX7>8:N ` <NOP 8XX7>8:N OP T8=OU8S;U VE ;YX;7Z
O? ;9S8= 7;P\=SP _ QNO:N PN>Q 8 PO
[
9Oc :89S PX ;;UZ\X `
defghJiH j k
\=SO:>??>UOSE ]>Q _ :>?VO98S>7O8= 8XX7>Y O? 8SO>9 _ UEZ
98? O: PN>7S;PS X8SNP _ O9:7;? ;9S8= 8=
[
>7OSN? `
l( mﬃn!'ﬂmmﬂﬀ!o pﬂq r ﬂsnm t ﬃtuﬃn % %ﬃm  ﬂﬃt rrn'!ﬂ%t v tr w
'nno q(% !( ttﬃ t !ﬂ 'ﬂmrﬃ! r!(t uﬂ %!!t !(!   'ﬂ%'ﬃ  %! uﬂ 
tﬂm  tﬂﬃ 't x y% !(t 'tt v !(  tﬂﬃ 't   mﬂﬀnﬀ so 'r'!t ﬂ% !(
ﬀzt ﬂu !( z r( s %z nn r ﬂttsn  ﬂﬃ!%zt x
yu !( mﬃn!'ﬂmmﬂﬀ!o pﬂq t 'ﬂ%t! %ﬀ !ﬂ s %!z v !( r ﬂsnm t { | w
( ﬀ x } !(ntt v $z(% ~$z r ﬂrﬂtﬀ   %ﬀﬂm ﬀ nzﬂ !(m 'ﬂ%w
t! ﬃ'!%z  mﬃn!'ﬂmmﬂﬀ!o pﬂq stﬀ ﬂ% !(  %ﬀﬂm ﬀ  ﬂﬃ%ﬀ%z ﬂu !( n% 
 n!ﬂ% ﬂu !( r ﬂs nm v %m no !( u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq x $'%!no
% mr ﬂm%! ﬂu !( t nzﬂ !(m (t s % r ﬂrﬂtﬀ ~ﬁ$ x l(t nzﬂ !(m
'ﬂmrﬃ!t  s!! rr ﬂ m !ﬂ% ﬂu !( %!z mﬃn!'ﬂmmﬂﬀ!o pﬂq v sﬃ! !
!( 'ﬂt! ﬂu tﬂn%z  u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq uﬂ '( 'ﬂmmﬂﬀ!o % %
! ! r ﬂ 'tt x ﬂn%z !( u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq  '%!no t !( w
uﬂ   ' ﬃ'n ttﬃ x

% !(! !( u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq t t ﬃtﬀ !ﬂ 'ﬂmrﬃ! % rw
r ﬂ m !ﬀ %!z n tﬂnﬃ!ﬂ% v !(  t %ﬂ  n %ﬀ uﬂ !( ﬃt ﬂu ﬂr!m n u 'w
!ﬂ%n pﬂq t x y%ﬀﬀ v !( rr ﬂ m !ﬂ% onﬀﬀ so !(  %ﬀﬂm ﬀ  ﬂﬃ%ﬀ%z
r ﬂ 'tt t % ﬀﬀ! zr ﬂu ﬂ ﬀ !( tﬃ   ﬂﬂ! ﬂu !( u '!ﬂ%n 'r'!t
~$z vﬁ$ x yu !(t u '!ﬂ%n 'r'!t   Ł  wrr ﬂ m !ﬂ%t ﬂu !(
ﬂr!m n 'r'!t v !( m z%!ﬃﬀ ﬂu !( %n zr q nn %ﬂ! '(%z ﬀ m !'nnox
y! t !( uﬂ  %!ﬃ n !ﬂ rnﬂ! !(t u ﬀﬂm % ﬂ ﬀ !ﬂ 'ﬂ%tﬃ%!no trﬀ ﬃr
!( %!z mﬃn!'ﬂmmﬂﬀ!o pﬂq rr ﬂ m !ﬂ% nzﬂ !(m x   t!  !'n ~


r ﬂrﬂtt  'ﬂms%!ﬂ n nzﬂ !(m 'ﬂmrﬃ!%z  u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq
Ł wrr ﬂ m !ﬂ% % !m   Ł   v q(   t !( %ﬃms ﬂu 'ﬂmmﬂﬀw
!t v  %ﬀ    !( %ﬃms ﬂu  !'t %ﬀ ﬀzt ﬂu !( pﬂq %!qﬂ  x y! t
!(% rﬂttsn !ﬂ ﬂﬀ !( n% r ﬂz m tﬂn t v mﬃ'( mﬂ  'ﬂt!no !ﬂ  ﬃ% x l(t

a>7R W\9U;U VE \7>X;89 X7> ;:S 43 )+4,))2 89U 8:SO>9 )22+  *0¡.) `
nzﬂ !(m (t s % mr ﬂﬀ so   n t'( ~  n v ﬀ' t%z !( 'ﬂmrn !o
!ﬂ  Ł    x ﬂ!( nzﬂ !(m t   m% no stﬀ ﬂ% tﬃ%'t ﬂu t(ﬂ !t!
r!( 'ﬂmrﬃ!!ﬂ%t x y%  r ﬂﬃt rr ~ﬁ  v q z % mr ﬂm %! ﬂ%
  nt'( t nzﬂ !(m ﬃt%z ﬀo%m ' t(ﬂ !t! r!(t nzﬂ !(m t x
y% !( uﬂ nnﬂq %z q r ﬂrﬂt % %' m %!n t! !zo !ﬂ mr ﬂ ﬂ% !(  ﬃ%w
%%z !m  ﬂu !(t nzﬂ !(m t x 	 !(% %t!z! ﬂ% ﬂﬃ rr ﬂ'( !( ﬂﬃz(
r '!'n !t!t ﬂ% ﬀ
 %! pﬂq %!qﬂ t x 	  t! r t%! !( nzﬂ !(m !(! q
mr ﬂ x
    ﬀ ﬁﬁﬂ 
l( Łwrr ﬂ m !ﬂ% nzﬂ !(m uﬂ u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq ~ﬁ


t stﬀ ﬂ%  'ﬂms%!ﬂ n ﬃ%ﬀ t!%ﬀ%z ﬂu !( ﬀﬃn ﬂu !( mﬃn!'ﬂmmﬂﬀ!o
pﬂq ﬃ ﬃ!
" #$%
n% r ﬂz m x l(t ﬀﬃn sﬃnﬀt  n%z!( uﬃ%'!ﬂ% & ﬂ% !( ﬀzt
ﬂu !( z r( tﬃ'( !(! !( n%z!( ﬂu % ﬀz t  n!ﬀ !ﬂ !( mﬂﬃ%! ﬂu pﬂq !
s t x
l( r ﬂ 'tt t! !t so ttz%%z !ﬂ '( ﬀz !( tm  %!n n%z!( ' ( ) v
 'ﬂ%t!%! q('( ﬀr%ﬀt ﬂ% !( r m ! t ﬂu !( nzﬂ !(m v %'nﬃﬀ%z !(
rr ﬂ m !ﬂ% u'!ﬂ  v %ﬀ 'ﬂ  trﬂ%ﬀt !ﬂ  %ﬃnn mﬂﬃ%! ﬂu pﬂq x l(% v !(
nzﬂ !(m rﬃt(t pﬂq ! !no nﬂ%z t%zn tﬂﬃ ' t(ﬂ !t! r!(t *+++,- uﬂ 
'( 'ﬂmmﬂﬀ!o q(n !( n%z!( ﬂu '( ﬀz ﬂu !( r!(t t %' tﬀ x l(
nﬂﬂr %ﬀt q(%  o t(ﬂ !t! r!(t u ﬂm !( tﬂﬃ ' ﬂu  'ﬂmmﬂﬀ!o !ﬂ !t
ﬀt!%!ﬂ%   ﬂu n%z!( mﬂ  !(% x ! !(t t!r v !( %nott t(ﬂq t !(! !(
pﬂq t'nﬀ so &./ 0
1 2
0
 1
3 4
!t !( 'r'!t v %ﬀ !(! !( qﬂ t! 't 'ﬂmrn !o
t  56 789 :
1;
Ł     < x =% m o %ﬂ!' !(! !( t 'ﬂmrn !o t !( tm t
!( ﬂ% z% so   n t'( ~  n v % !(ﬂﬃz( !( ﬃt ﬂu ﬀo%m ' t(ﬂ !t! r!(t
nzﬂ !(m t onﬀt % mr ﬂm %! ﬂu !(  ﬃ%%%z !m  x t  m !! ﬂu u'! v !(
tr ﬀ ﬃr r ﬂﬀﬀ so tﬃ'( nzﬂ !(m t '%%ﬂ! s r 'tno nﬃ!ﬀ ﬃ%ntt !(
t! ﬃ'!ﬃ  ﬂu !( pﬂq %!qﬂ  t %ﬂq% x
y% !( uﬂnnﬂq %z v q ! o !ﬂ 'ﬂr  q !( !(  u'!ﬂ % !( 'ﬂmrn!ox
> ? @@ ﬁﬁA
y% ﬂ ﬀ !ﬂ %tﬃ   Ł  wrr ﬂ m !ﬂ% v '( ! !ﬂ% ﬂu !( r ﬂﬃt nzﬂw
 !(m rﬃt(t   o tm nn mﬂﬃ%! ﬂu pﬂq x 	 r ﬂrﬂt % %' m%!n rr ﬂ'(
stﬀ ﬂ% !( ﬀ !(! !( r 'tﬂ% t ﬂ%no  ﬃ ﬀ ! !( %ﬀ ﬂu !( r ﬂw
'tt x l( uﬂ  v ﬂﬃ nzﬂ !(m v  rﬂ !ﬀ t  nzﬂ !(m B v t! !t so  ﬃ%%%z !(
r ﬂﬃt nzﬂ !(m q !(  n z C v q('( rﬃt(t  nﬂ! ﬂu pﬂq ﬃ'nox y%t!ﬀ
ﬂu t'n%z !( pﬂq !ﬂ ! !( 'r'!t v  nzﬂ !(m B t'nt ! q !( !( n%z!(
uﬃ%'!ﬂ% tﬂ !(! ! nﬂﬂt n % %! m ﬀ o t!r ﬂu r ﬂﬃt nzﬂ !(m q !( 
tm nn 0 D 
C EF
x ! !%z u ﬂm !(t %! m ﬀ o t!r v !( r ﬂ 'tt % %t(ﬀ
q !( 0 v t'nﬀ z% uﬂ 

D 0
EF
%ﬀ tﬂ uﬂ !( v ﬃ%!n  nzﬂ !(m B  '(t !(
 ﬃ  ﬀ G x
  	 y%' m%!n mﬃn!'ﬂmmﬂﬀ!o pﬂq Ł  wrr ﬂm !ﬂ%


eJe j                   ﬀ  ﬁﬀ   ﬂ  ﬃ     ! "  #  $ % &
'(
HJe j )
=;9
[
SN W\9:SO>9 >T;7

P `S ` ;T;7E X8SN
ﬀ * ﬁﬀ
N8P =;9
[
SN + , `
'(
HJe j - ﬃ . $
Z8XX7>Y O? 8SO>9 >W ? 8Y ` ?\=SO:>??>UOSE ]>Q W>7

>9

,/ 019OSO8=O^O9
[2
ﬁ  3
_
$ ﬁ   456
_ 7
ﬁ  89 :6; 89 :6; 
5 <
=>?@ _ A
ﬁ  )BCD
=>?@

D
=>?@
E
:6;

_
F8 G 
_
) 8  
7
ﬁ
_
-ﬀ 8  &
H
/
g IJe $ ﬁ K $L ih
M
/ 0D>Q;7 V>\9U >9 SN; =;9
[
SN >W 8 ,,,N
2 O
 P QR
DST
)8 
U
/
g IJe
O V
ﬃ ih
W
/ X
hJ K JJ ﬂ  ﬃ     ih
Y
/ Z [ ,,,N
ﬀ * ﬁﬀ 
\
/
g IJe ) 
Z

V
89 :6;
O
ih
]
/ ^_ [
PQR
DS`
^
8
a
/
F 8 G
Z
 -ﬀ 8 
[
-ﬀ 8 .
^_
 ) 8
[
)88
9 :6; bc
b
>d@
,e / Z [f ,,,N
ﬀ * ﬁﬀ 
,,/
O
[
O
89 :6;
,
H
/
ﬁ
[
ﬁ . ﬃ
,
M
/
F 8 G   ) 8
[
)8 
E
:6;
E
:65g;
8
9 :6; h
>d@
b
>d@
: i
>?@
i
>?j
<
@
5#;k :65g;
,
U
/
F 8 G   F ﬂ  ﬃ      -ﬀ 8 
k :6;
k :65g;
-ﬀ 8
,
W
/
F ﬂ  ﬃ      F 8 G   -ﬀ 8   lm
:
D
;
k :6;
n oﬂﬁ@@ @pp
l( %nott ﬂu !( 'ﬂmrn !o %ﬀ rr ﬂ m !ﬂ% r uﬂ m%'t ﬂu  nzﬂ !(m
B t  qﬂ  % r ﬂz tt x } !(ntt v r m %!n  tﬃ n!t   %'ﬂﬃ z%z x 	
 rﬂ ! ﬂ%  t! ﬂu r  m %!t '(ﬀ ﬂ%  sn t mﬃn!'ﬂmmﬂﬀ!o pﬂq
r ﬂsnm t v  t%z % !( t!!%z ﬂu  ﬂﬃ!%z %ﬀ qn%z!( ttz%m%! uﬂ qw
n%z!( ﬀtﬂ% mﬃn!rn %z ﬂr!'n %!qﬂ t ~ﬁ$ x l(  tﬃ n!t   ﬀr'!ﬀ
t   zﬃ  B x
 0
 500
 1000
 1500
 2000
 0  2000  4000  6000  8000  10000  12000  14000
Ti
m
e 
in
 s
ec
on
ds
Network size 
Cplex
BCL+03 eps=1/4
BCL+03 eps=1/8
BCL+03 eps=1/16
CRR ed=1/4 ef=1/64
CRR ed=1/4 ef=1/128
CRR ed=1/8 ef=1/64
CRR ed=1/8 ef=1/128
 0
 1
 2
 3
 4
 5
 6
 7
 8
 1230  1240  1250  1260  1270  1280  1290  1300  1310
Ti
m
e 
in
 s
ec
on
ds
Max flow
CRR e0=1/2
CRR e0=1/4
CRR e0=1/8
BCL+03
q
r M s M
@\99O9
[
SO? ;P W\9:SO>9 >W 9;SQ>7R PO^; t=;WS u >7 v\89SOSE >W ]>Q t7O
[
NS u `
l( nu! (%ﬀ tﬀ ﬂu   zﬃ  B r t%!t !(  ﬃ%%%z !m  ﬂu !( ﬂr!m n  tw
ﬂnﬃ!ﬂ% ﬂu !( pﬂq q !(  , v !( nzﬂ !(m ﬂu ~ﬁ

 q !(   o%z u ﬂm
E !ﬂ E v %ﬀ nzﬂ !(m B *%mﬀ ﬁ$$ - q!( C D E ﬂ E %ﬀ G D E
ﬂ EF x =% '% t !(! sﬂ!( 'ﬂms%!ﬂ n nzﬂ !(m t   mﬃ'( ut! !(%
 , q(% !( t ﬂu !( r ﬂsnm %' tt x l(t  tﬃ n!t ntﬂ t(ﬂq !(! !(
 ﬃ%%%z !m  ﬂu  nzﬂ !(m B uﬂ  z% C ﬃnt !ﬂ !(  ﬃ%%%z !m  ﬂu  nzﬂw
 !(m ~ﬁ

 uﬂ  D C rnﬃt tﬂm !(%z tm nn %ﬀ n% % 

0
G
x
l(  z(! (%ﬀ tﬀ r t%!t !( !m   ﬃ ﬀ so !( ﬀ
 %! 'ﬂms%!ﬂ n
nzﬂ !(m t !ﬂ r ﬂﬀﬃ'  z% rr ﬂ m !ﬂ% ﬂu !( mmﬃm mﬃn!'ﬂmmﬂﬀ!o
pﬂq x l(t r m %!t ( s% '(ﬀ ﬂ% !( %!qﬂ  ﬂu t  v sﬃ!
!( tm   tﬃn!t   ﬂst ﬀ q !( %o t x  t u t  nzﬂ !(m B uﬂ C D G
t '!no  nzﬂ !(m ~ﬁ

 uﬂ !( tm r m ! v q ﬂs!% !(t 	
 
 
#" %
n  tﬃn!t x =% '% !(%  n !(!  nzﬂ !(m B t sn !ﬂ r ﬂﬀﬃ'
rr ﬂ m !ﬀ tﬂnﬃ!ﬂ% mﬃ'( ut! !(% nzﬂ !(m ~ﬁ

 x  ﬂ ﬂ v !(
%pﬃ%' ﬂu C ﬂ% !( ﬃn!o ﬂu !( tﬂnﬃ!ﬂ%t ﬂu  nzﬂ !(m B t q v sﬃ!  o
t! ﬂ%z ﬂ% !(  ﬃ%%%z !m  x
 p
y% !(t rr v q ( r ﬂrﬂtﬀ  'ﬂms%!ﬂ n %' m %!n Łwrr ﬂ m !ﬂ%
nzﬂ !(m uﬂ !( u '!ﬂ%n mﬃn!'ﬂmmﬂﬀ!o pﬂq r ﬂsnm v mr ﬂ%z ﬂ% t n
nzﬂ !(m t ﬂu !( n! !ﬃ  x   '!'n r  m %!t onﬀ tﬂm  'ﬂ% '!ﬃ t ﬂ% !t
'ﬂmrn !o %ﬀ rr ﬂ m !ﬂ% r uﬂ m %'t x  uﬂ m n %nott ﬂu !( nzﬂ !(m
t % ﬂ%zﬂ%z qﬂ  v t qnn t !t %!z !ﬂ% % % %!z n mﬃn!'ﬂmmﬂﬀ!o pﬂq
rr ﬂ m !ﬂ% nzﬂ !(m %ﬀ uﬃ !( mr ﬂm %!t x

@ @@@p

D e
M
k
`

>\R=OS _ B `

>\U;7S _  `Z6 ` D8=89U; _

` 8\= _ 89U  ` @ OT89> ` ﬀXX7>YOZ
? 8S; ?\=SO:>??>UOSE ]>Q W>7 QU? 9;SQ>7RP U;PO
[
9 ` 19 ﬁﬂﬃ   !"_ #?;8 _
$
Q;U;9 _  \9;
H
ee
M
`

<
a\
B `

;7SO? 8P 89U  ` % ` <POSPOR=OP ` &'(ﬃ)* (ﬂ' ( + ﬂ' ,-ﬃ ./ (ﬂ0 ﬂ1 -(ﬂ' `
ﬀSN;98
$
:O;9SOc: _ ,
aa\
`

@ e
H
B `

>\U;7S 89U  ` @ OT89> ` D O
[
NSX8SN 8PPO
[
9? ;9S W>7 ?\=SOcV ;7P a B
k
>XSO:8= 9;SQ>7RP Q OSN Q8T;=;9
[
SN S789P=8S>7P ` 19 &222 345, 0 6"7 _ <8OQ89 _
% >T;?V;7
H
ee
H
` 8%<Ze,Z
W
`

66
YH
D ` 6>7U 89U B ` 6\=R;7P>9 ` 9 4:; ﬂ' < ,(:ﬃ=;` 7O9:;S>9 #9OT;7POSE 7;PP _
,
aYH
`

6=;ee

D ` 6=;OP:N;7 ` ﬀXX7>YO? 8SO9
[
W78:SO>98= ?\=SO:>??>UOSE ]>Q P O9U;X;9U;9S >W
SN; 9\?V;7 >W :>??>UOSO;P ` ﬁ&>? @A B ﬂ; ﬃ,(, ? -(C A_ ,
M
t
U
u /
W
e
W
5
WH
e _
H
eee `
DE
a]
% `
D
87
[
89U  `
E
>9;? 899 ` 68PS;7 89U PO?X=;7 8=
[
>7OSN? P W>7 ?\=SO:>? Z
?>UOSE ]>Q 89U >SN;7 W78:SO>98= X8:R O9
[
X7>V=;? P ` 19 &222 ﬁF0/;ﬂ*0 '
9*')-(ﬂ'; 
G H
0/ *(,ﬃ ﬁ  ﬂ,'  ,_ X8
[
;P
M
ee5
M
e
a
_ ,
aa]
`

@8
[
a
U

 ` @ 8
[
N8T89 ` 7>V8VO=OPSO: :>9PS7\:SO>9 >W U;S;7? O9 OPSO: 8=
[
>7OSN? / ﬀXX7>YZ
O? 8SO9
[
X8:RO9
[
O9S;
[
;7 X7>
[
78? P ` @*ﬃ'-4 
G H
0/ *(,ﬃ -') ﬁF;(,0 ; ﬁ ﬂI
,'  ,;_
M]
/
Y]M
5
\
e
\
_ ,
aa
U
`
